A dynamic model of composite shaft with variable cross section is presented. Free vibration equations of the variable cross section thin-walled composite shaft considering the effect of shear deformation are established based on a refined variational asymptotic method and Hamilton's principle. The numerical results calculated by Galerkin method are analyzed to indicate the effects of ply angle, taper ratio, and transverse shear deformation on the first natural frequency and critical rotating speed. The results are compared with those obtained by using finite element package ANSYS and available in the literature using other models.
Introduction
The shaft is an extremely important part in various mechanical transmissions. The shafts suffer not only static load such as bending moment, torque, and axial force which usually leads to its combined deformation, but also dynamic load caused by effect of inertia force and gyroscope which produces alternating stress and vibrations due to its rotation. Composite material has been widely utilized in the shaft structural design due to its various advantages such as lightweight, high strength, resistance to fatigue, and designability. Compared with metal shafts, composite shafts have outstanding advantages such as llighter, anti-vibration and high temperature resistant, which can reduce the friction loss, improve the fatigue life, and save running costs. Research on dynamic characteristics of anisotropic composite shaft is a focus of composite material structural dynamics. One of the studies of the laminated composite beams considering cross section warping is done by Librescu et al. [1] [2] [3] [4] [5] [6] . In their works, some theories are proposed and applied to analyze the dynamic characteristics of uniform cross section, variable cross section, and containing intelligent material beams. The effects of transverse shear deformation, torsion warping, and the wall thickness have been considered in their theory. However, the warping caused by stretch-bending and torsionbending coupled deformations is not included. A dynamic model of variable cross section laminated composite shafts based on the theory of Timoshenko beam is presented by Kim et al. [7] [8] [9] [10] . The proposed model is of high precision for thick wall shaft due to using the shear factor calculated by the ratio of inner and outer diameter. Another high precision model of thin long beams considering cross section warping caused by extension-bending and torsion-bending deformation is presented by Armanios et al. [11] [12] [13] . A displacement function of that beam is proposed based on variational asymptotic method and vibration differential equations are derived and solved by using exact method. However, the propose function does not consider the effect of shear deformation. The further works are done by Yongsheng et al. by using a refined variational asymptotic method. The theory and model involve the free vibration and stability of conventional composite shaft [14] and the composite shaft with internal damping. In these studies, the effect of transverse shear deformation has been incorporated in theoretical formulation. In this paper, a new dynamic model for the analysis of rotating variable cross section composite shaft is presented. The equations of motion are derived using a refined variational asymptotic method and Hamilton's principle. The free vibration characteristics and stability of variable cross section composite shaft are analyzed. The numerical results are compared with the results obtained by other models.
Spinning Shaft Model
The rotating composite shaft model is shown in Figure 1 . The shaft rotates about its axis with constant angular velocity (Ω). , ℎ, , , and represent the outer diameter, wall thickness, the radius of tip middle cross section contour line, the radius of root middle cross section contour line, and the length of the shaft, respectively. ( , , ) represents the inertial coordinate system, and the corresponding unit vector is (I, J, K); ( , , ) represents the coordinate systems spinning with shaft and the corresponding unit vector is (i, j, k); ( , , ) is a local coordinate system and represents the axis along the tangent of the cross section middle contour line, while represents the axis along the normal. is ply angle.
Governing Equations

Strain Energy of the Rotating Shaft.
A displacement function based on variational asymptotic method is derived and utilized to analyze the dynamic characteristics of composite thin-walled closed section structures in [11] ; however, transverse shear deformation is neglected in the displacement function. Considering transverse shear deformation, displacement function can be described as the following form [14] :
where 1 , 2 , 3 are displacements of an arbitrary point on the shaft along , , directions, respectively. 1 ( , ), 2 ( , ), and 3 ( , ) denote the cross mean displacement along -, -, and -axis. ( , ), ( , ), and ( , ) denote the twist angle and bending angle about -, and -axis, respectively. and are the transverse shear strains in planes and , respectively. ( , , ) is a warping displacement function, which is modified as [15] ( , , ) = ( ) ( , ) + 1 ( ) 1 ( , )
where 1 ( ), 2 ( ), 3 ( ), and ( ) are related to physical behavior of the axial strain, bending curvatures, and the torsion twist rate, respectively. All of the (⋅) denote the differentiations with respect to .
According to (1)∼(3), the strains of the composite shaft are obtained as
where is the normal projection of r which is the position vector of an arbitrary point on the cross section of the deformed shaft in the normal direction:
The strain energy of the composite shaft is
where , , and are the engineering stresses. And , , and are associated engineering strains. Taking the variation of (6), one obtains
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where , , and are shell stress resultants and are of the following form: 
Parameters ( ) and ( ) denote the reduced axial and coupling stiffness, while parameters ( ) and ( ) are the reduced shear stiffness, are the in-plane stiffness components, are transformed stiffness of each layer, is layer numbers, and ( − −1 ) is thickness of the th layer. is shear factor of the cross section which changes with the cross section and material properties and is of the following form [16] :
where = in / out and in is the inner radius, while out is the outer radius. , , and are elastic modulus, Poisson's ratio, and shear modulus.
Combining (4), (9), and (10), (8) 
where = ( , = 1, . . . , 6) are the equivalent cross section stiffness coefficients of the composite shaft, which show the cross section geometry and material properties as
where ∮ Γ (⋅) denotes the integral around the loop of the midline cross section. is the surrounded area of section's midline. Compared with [12] , 16 of the 36 stiffness coefficients are consistent with the ones without shear deformation, while the remaining 20 are new, caused by shear deformation.
Kinetic Energy of Spinning Shaft.
The position vector of an arbitrary point on the spinning shaft is written as
From the above equation, the velocity of an arbitrary point in the fixed coordinate system can be given as
The kinetic energy can be written as
Substituting (15) into (16) and omitting the (⋅) items due to the negligible effect of warping displacement, the expression of kinematic energy is obtained.
Taking variation of the kinematic energy yields
where
And ( = 1, . . . , 6) is equivalent cross section mass coefficients.
Governing Equations.
Hamilton principle is of the following form:
Combining (7), (17), and (19) and considering the variable cross section of the shaft, the governing equations are obtained as
Substituting internal forces into (20), the free vibration equations are derived, which can be used to analyze the thinwalled shaft with arbitrary cross shape and variable cross section. The special properties of circular cross section shafts with circumferentially uniform stiffness configuration (CUS) [12] lead various components of stiffness coefficient to be zero. So the vibration equations can be simplified as
Equations (23)∼(26) are similar to (10a-d) in [6] , and the vibration equations of circular cross section shafts with CUS configuration are decoupled as tensile-torsion coupling system ((21) and (22)) and bending-transverse shear coupling system ((23)∼(26)). The latter one is emphasis in this paper. Neglecting the effect of transverse shear, the bendingtransverse shear coupling system can be simplified due to = 2 , = 3 . In this case, the vibration equations become
The displacement boundary conditions of free vibration cantilever shaft are as
The corresponding force boundary conditions for circular cross section shafts with circumferentially uniform stiffness configuration (CUS) are as
6 Shock and Vibration
(32)
Approximate Solution.
Because the classical vibration mode function of cantilever shaft satisfies the displacement boundary condition, it does not satisfy the force condition, so General Galerkin method is used to solve vibration and stability of continuous system. Considering the force boundary conditions, and eliminating the shaft's spatial variables by using General Galerkin method based on the assuming mode shape, the free vibration equations are reduced to be ordinary differential equations with respect to time.
Assume that the axial, torsion, and bending deformation is of the following form:
where ( ) and ( ) denote the mode shape of bending deflection and bending angle, respectively, and are taken to be the mode shapes of a uniform, nonrotating, isotropic, fixedfree Euler-Bernoulli beam; namely,
Substituting (33) into (23), we get
Multiply (35) by the mode shape, and integrate it on the whole length of the shaft. The differential equation residual is
Similar to (35), (29) is multiplied by ( ), and the boundary residual is
Based on General Galerkin method, it follows that
Similarly, the remaining equations give 2 + 2 = 0,
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The final end product of the procedure is a set of equations and is of the form 
The free vibration characteristics of the variable cross section shaft can be obtained by solving (41) with MATLAB.
Model Validation and Discussion and Free Vibration Analysis
With the application of the vibration differential equations derived in this paper, the variable cross section shaft presented in [10] is analyzed in our work, and the numerical results are compared with those obtained by [10] and finite element method, as presented in Figure 2 . It can be seen that the variation trends of the first natural frequencies with the taper ratio (taper is defined in [10] ) obtained by the three methods are consistent. Our model is developed based on variational asymptotic method [11] [12] [13] [14] which is exact only for thin-walled and slender shafts, and yet it appears that Kim's model [10] is available for both thin-walled and thickwalled shafts. So Figure 2 shows obvious difference between them using the geometries for thick walled shafts in [10] . As a result, the shaft in Table 1 is analyzed by the present model and compared with Kim's model. Figures 3-4 and Tables 2-3 illustrate the first natural frequencies of a rotating and a stationary shaft considering or nonconsidering the transverse shear deformation. It is easy to find that the transverse shear deformation has only a little effect when ply angle is in the range of 15 ∘ ∼ 40 ∘ . The largest effect occurs at the = 0 ∘ and TR = 2. At the same time, Figures 3 and 4 reveal that shear deformation has same effects on the rotating and stationary shafts. Table 4 . The convergence of Kim's model is lost when the ply method is [ ] 6 , while the present model still shows good convergence. Figure 6 shows the effect of ply angle on different taper ratio shafts with 0 rotation speed, and it also shows the difference among ANSYS, present model, and Kim's model. The first natural frequency is reduced obviously with the increase of ply angle, while it increased with the increase difference among the three models. When the rotating speed is more than 0, two natural frequencies occur for each mode. The higher value is called the forward precession mode, and the lower one represents a backward precession mode. So 1B and 1F denote the first backward precession frequency and first forward precession, respectively, in all of the figures. The Ply angle ( same effects of rotating speed to the first natural frequency can be obtained. The first backward precession frequency (1B) is decreasing with increasing rotating speed for different taper ratio and different ply angle shafts. The first forward precession frequency (1F) is exactly the reverse. In Figures  7-9 , the results obtained by the present model are close to the ones obtained by ANSYS software. However, the results obtained by Kim et al. [10] are different from that of ANSYS software obviously; the reason may be that the effect of spinning inertia force has not been considered by Kim et al. [10] . Figure 10 shows the effect of ply angle on 1B with 100 rad/s rotating speed and also displays the difference among the three methods. The effect of ply angle is similar to Figure 5 . Figure 11 shows the effect of taper ratio on natural frequencies of different taper ratio and ply angle rotating shaft or stationary shaft. With the increase of taper ratio, all of the natural frequencies of the shafts are increased. And the lower value ply angle is more obviously affected than high ones. A conclusion that lower ply angle and large taper ratio could increase the first natural frequency could be made from Figures 6-11. This conclusion is important for rotating shafts. If rotating speed of the shafts is under the first natural frequency, the shaft can keep dynamic stability. The critical rotating speed could be increased with the increase of first natural frequency, which could improve the transmission efficiency in the fields of car, ship, and plane. If the milling bar is modeled as a rotating cantilever shaft, the machining efficiency could be improved as well.
In a word, the analytical model presented in this work is verified and validated to a decisive extent in Figures 6-10 . show that the critical rotating speeds increase with taper ratio and decrease with ply angle. All the data and figures illustrate that the stability of rotating shaft can be dramatically improved by utilizing variable cross section and appropriate ply angle.
Stability Analysis
Conclusions
A refined variational asymptotic method and Hamilton's principle are used to establish the vibration differential equation of rotating variable cross section composite shaft which is solved by applying Extended Galerkin method. And the effects of ply angle, taper ratio, and spinning speed on vibration characteristics are analyzed. Critical rotating speeds of the shafts with various ply angle and taper ratio are also calculated. The results illustrate that small ply angle and big taper ratio can improve the natural frequencies and critical rotating speeds effectively. The numerical results are compared with the results obtained by other models.
